is positive semidefinite with each block n × n, it is proved that
1. Introduction. In this article, capital letters are used for elements in M n , the set of n × n complex matrices. In [4] , the main attention is paid to the linear map Φ : X → X + (Tr X)I on M n . What remains unsolved in that paper is the following conjecture.
Conjecture 1.1. If
A X X * B , where A, X, B ∈ M n , is positive semidefinite, then 2s j Φ(X) ≤ s j Φ(A + B) , j = 1, . . . , n.
(1.1)
The purpose of this note is to confirm the conjecture. It is noteworthy that without the appearance of Φ, inequality (1.1) may fail. Indeed, under the same condition, it is in general not true that
For an example, see [5, Example 3.4] .
To proceed, let us fix some notation. The trace of X is denoted by Tr X, the conjugate transpose of X is X * . If the eigenvalues of X are real, then they are ELA Singular Value Inequality 121 arranged nonincreasingly λ 1 (X) ≥ · · · ≥ λ n (X); the singular values of X, denoted by s j (X), are similarly arranged. For two Hermitian matrices X and Y , we write X ≥ Y (or Y ≤ X) to mean that X − Y is positive semidefinite. If X is positive semidefinite, then it has a unique positive semidefinite square root, which is denoted by X 1 2 . Finally, I stands for the n × n identity matrix.
2. Auxilliary results and proofs. We start with some lemmas. The first three are quite standard in matrix analysis.
Recall that C is a contraction if I ≥ C * C.
The next technical lemma is obviously an ad hoc one.
Now applying Weyl's eigenvalue inequality gives the required result.
Therefore, the corollary follows. Thus, inequality (2.1) would follow from
We may assume without loss of generality Tr A 
As C is a contraction, A For more information about the matrix geometric mean, we refer to [3, Chapter 4] .
The noncommutative AM-GM inequality says that
It is natrual to consider some possible improvements of (1.1). We remark that the following strenghening of (1.1) is not valid in general: s j Φ(X) ≤ s j Φ(A♯B) , j = 1, . . . , n.
(3.1)
For example, consider X = A In contrast to (3.1), there is some numerical evidence for the the following assertion: It seems the proof in Section 2 does not lead to this improvement.
